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The Geometry of Change 

In his famous letter to Huyghens con
cerning his d iscovery of the signifi

cance of the square roots  of negative 
numbers, G.W. Leibniz stated clearly his 
recognition that this investigation origi
nated wi th  the s c i ent i s t s  of anc i en t  
Greece: "There i s  almost nothing more to 
be desired for the use which algebra can 
or will be able to have in mechanics and 
in practice. It is believable that this was 
the aim of the geometry of the ancients 
(at least that of Apollonius) and the pur
pose of loci that he had introduced . . . .  " 

Understanding the impl icat ion of 
Leibniz's statement is crucial to  grasp
ing the deeper significance of Gauss's 
1 799 treatment of the fundamental theo
rem of algebra. 

Leibniz's statement will either baffle, 
or enrage, a modern academic, but such 
reactions only typify a broader social dis
ease: the inability, as Lyndon LaRouche 
has repeatedly emphasized, to recognize 
the essential difference between human 
and beast .  Like any d i sease ,  th is  one 
spreads through infectious agents that 
attack the defenses of the victim, causing 
the victim's own system to act as an agent 
for the aggressor. The cure for such con
ditions is to strengthen the targetted pop
ulation's natural immunities, enabling it, 
not only  to fight the d i s ea se ,  but  to 
become permanent ly  re s i s tant  to i t s  
effects. In this case, those natural immu
nities are the cognitive powers of the 
human mind. Hence, the therapeutic effects 

of pedagogical exercises and Classical art. 

What Leibniz, Gauss, and their pre
decessors in antiquity understood, is that 
the essential d i stinction between man 
and animal is the capacity of the human 
mind to reach behind the domain of the 
senses and discover those unseen princi
ples that govern the changes perceived 
in the physical universe. However, being 
unseen, those principles can only be dis
covered  through changes  (mot ions )  
within the domain of  the senses, which 
in turn give rise to paradoxes concerning 
the r e l a t i on sh ip  o f  the  s een  to the  
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unseen. Consequently, it is the coupled 
interaction between the seen and the 
unseen that  must  be comprehended . 
Physical motion gives rise to the willful 
motion (passion) of the mind from one 
state to a higher one. 

As Leibniz indicates, no formal system, 

such as algebra or Euclidean geometry, is 

capable of representing this characteristic of 

change that emerges from the interaction 

between the seen and the unseen. I Only a 
geometry of change, such as the pre
Euclidean "spherics" of Thales and the 
Pythagorean schoo l ,  the geometry of  
mot ion  assoc iated with Arch imedes ,  
Eratosthenes, and Apollonius, Leibniz's 
infinitesimal calculus,  or Gauss's con
cept of the complex domain, has such 
power. 

Just as the origins of the discovery of 
the c o m p l e x  d o m a i n  beg in  in the  
ancient Mediterranean cultures of Egypt 
and Greece, so do the roots of its adver
sary. The mode of attack has been to 
induce the false belief that the physical 
world which is seen, and the immaterial 
world which is unseen, do not interact, 
but are hermet ica l ly  separate d .  Thi s  
belief is typified by  the mystery cults of  
ancient Babylonian and Persian cultures. 
The Eleatics (such as Parmenides and 
Zeno) sought to introduce this corrup
tion into Greek culture, against Hera
c1eitus and the Pythagoreans, by insist
ing that change is merely an illusion and 
does not exist. 2 

Socrates  made mincemeat  of Par
men ides' Eleatic argument; so ,  after this, 
those who would today be called satanic, 
switched tactics ,  express ing the same 
evil intent through forms of Sophistry, 
such as admitting that change exists, but 
then arbitrarily defining change as the 
opposite of the Good, and defining the 
Good as that which does not change and 
is not corrupted by change. 

After Plato discredited the trickery 
of Sophistry, Aristotle, while distancing 
himself formally from the Sophists, nev
ertheless propounded the same evil in a 

FIGURE 1 .  The visible catenary is 
the arithmetic mean between right
handed and left-handed exponential 
curves. 

new guise. For example, writing in his 
Nichomachean Ethics, Aristotle said: 

"This  i s  why God always enjoys a 
single and simple pleasure; for there is 
not only an activity of movement but an 
activity of immobility, and pleasure is  
found more in rest than in movement. 
But change in all things is sweet, as the 
poet says, because of some vice; for as it 
is the vicious man that is changeable, so 
the nature that needs change is vicious; 
for it is  not s imple nor good ."  (Ethics, 

1 1 54b) 
A r i s tot le  adopted th i s  same v i ew 

toward physical motion, stating, in his 
Physics, that motion originates only from 
w i t h i n  a bod y ,  a n d  tha t  i r regu l a r  
m o t i o n ,  because  i t  con ta in s  more  
change, is of a lesser degree than regular 
motion, which is itself of a lesser degree 
than rest. 

Like the Sophists and the Eleatics, 
Aristotle was not developing an original 
argument, but reacting against Plato's 
repeated demonstration that the materi
al and the immaterial are coupled: 

"For, in truth, this Cosmos in its ori
gin was generated as a compound, from 
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the combination of Necessity and Rea
son. And inasmuch as Reason was con
trolling Necessity by persuading her to 
conduct to the best end the most part of 
the things coming into existence, thus 
and thereby it came about ,  through 
Necessity yielding to  intelligent persua
s ion ,  that  th i s  Univer se  of our s  was  
being in  this  wise  constructed at  the 
beginning." (Timaeus, 48a) 

And it is the power to gain knowl
edge of the universe through the inter
action of the seen with the unseen, the 
t empora l  w i t h  the  e t e r n a l ,  t h a t  i s  
human nature. Change i s  a characteris
tic, not of viciousness and vice, but of 
perfection: 

"But as i t  is, the vis ion of day and 
night and of months and circling years 
has created the art of number and has 
given us not only the notion of Time 
but a l so  means  of r e sea rch  in to  the  
nature of the Universe. From these we 
have  procured  P h i l o sophy i n  a l l  i t s  
range, than which no  greater book ever 
has come  or w i l l  c o m e ,  by  d i v i n e  
bestowal, unto the race of mortals . . . .  
God dev i sed  and bestowed upon u s  
vision t o  the end that w e  might behold 
the revolutions of Reason in the Heaven 
and use them for the revolvings of the 
reasoning that is within us, these being 
ak in  to those,  the perturbable  to the 
imperturbable; and that, through learn
ing and sharing in calculations which 
are correct by their nature, by imitation 
of the absolutely unvarying revolutions 
of the God we might stabilize the vari
able revolutions in ourselves. 

"Concerning sound also and hearing, 
once more we make the same declara
tion . . .  ; music too, in so far as it uses 
audible sound,  was bestowed for the 
sake of harmony. And harmony, which 
has motions akin to the revolutions of 
the Soul within us ,  was given by the 
Muses to him who makes intelligent use 
of the Muses, not as an aid to irrational 
pleasure, as is now supposed, but as an 
auxiliary to the inner revolution of the 
Soul ,  when it has lost its harmony, to 
assist in restoring it to order and con
cord with i t se lf. And because of  the 
unmodulated condi t ion ,  defic ient  in 
grace ,  wh i ch  e x i s t s  in  mos t  of u s ,  
Rhythm also was bestowed upon u s  to 

(a) Hyperbola 

Left-handed Right-handed 

(b) Logarithmic spiral 

Left-handed Right-handed 

FIGURE 2. As in the case of exponential curves, right-handed and left-handed forms 
of the (a) hyperbola and (b) logarithmic spiral cannot be transformed into one 
another within the plane of their visible existence. 

be our helper by the same deities and for 
the same ends." (Timaeus, 47a-e) 

The tension of this Socratic irony, of 
the unchanging principles of change, is 
the means by which man, and the uni
v e r s e  as a who l e ,  p e r fec t s  i t s e l f. A s  
Kepler notes i n  the New Astronomy, i t  is 
the tension from the discovery that the 
planetary orbits are not circular,  "that 
gives rise to a powerful sense of wonder 
which at length drives men to look into 
causes ." 

Remove that tension, as  Ari stotle ,  
Euler, Lagrange, e t  a l .  do, and you excise 
from man his human nature, rendering 
him defenseless against those oligarchical 
forces who seek to enslave him. 

...f-T and Motion 

Putting aside the problem of the pas
sionless (or, more likely, enraged) com
mitted Aristotelean, a persistent difficul
ty arises for those wishing to compre
hend Gauss's d iscovery of the complex 
domain. The difficulty centers o�rasp
ing the physical significance of -V- I . For 
Euler, Lagrange, and D' Alembert, ...f-T 
is merely a passionless definition of the 
solution to the equation x2 + 1 = O. All 
tension associated with its existence is  
removed by the declaration that it is a 
definition of something that is "impossi
b l e . "  " W h a t ,  Me W o r r y  about  the  
impossible ? "  

The difficulty for the serious person 
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FIGURE 3. Right-handed and left-handed forms can be united only by a rotational motion orthogonal to the plane of their visible existence. 

who seeks to grasp the idea of C! , aris
es from the embedded habits, to begin 
with a set of axioms, postulates, and def
initions, that are indifferent to the physi
cal universe; then, to arrive, through a 
series of logical steps, at C! ;  and from 
there, to search for some physical signifi
cance of this logically defined number. 

All such efforts ,  are ,  a s  LaRouche 
used to say, "like trying to milk a he-goat, 
and catching the product in a sieve." 

As Gauss emphasized, C! signifies 
a phys i ca l  p r inc ip l e-one which  he  
said, "has  the  deepest implications for 
the metaphysics of the theory of space . "  
As  a study of Gauss's early notebooks 
reveals ,  his  development of the com
plex domain arose from the paradoxes 
of the "Kepler Problem" that remained 
unresolved by Leibniz ' s  infinites imal 
calculus.3 Keeping that in mind, along 
with what was said above, the physical 
significance of C! can be demonstrat
ed, as Leibniz indicated, by conceptu
al iz ing the unified success ion of  d i s 
c o v e r i e s  fro m  P y t h a g o r a s  t h r o ugh  
Gauss. I t  is  only through this ironical, 
polyphonic approach, that in�hts into 
the physical significance of "- 1  can be 
obtained. 

This can be done quite efficiently if 
one has mastered the general principles 
expressed by the discoveries of the dou
bling of the square and cube, and of the 
catenary. 
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Put aside all formal algebraic concep
tions, along with those fixed Euclidean
type notions of geometry. Look at these 
d i sc o v e r i e s  f:o m  the  s t a n d p o i n t  o f  
motion . 

The discovery that the square is dou
bled (or halved) by a different principle 
than a line, is indicated by Pythagoras's 
determination of the incommensurability 

between the side of a square whose area 
is 1 ,  and the side of a square whose area 
is 2. This relationship determines a new 
type of magnitude, that which, like all 
numbers ,  i s  not susceptible to formal 
definition, outside the physical relation
ship from which it originates. In  other 
w o r d s ,  {2 is no t  the  n u m b e r  
1 . 1 4 1 4 2 1 3 5  . . .  , bu t  a magni tude  that  
exists only within the physical relation
ship of two squares whose areas are in 
the ratio of 1 :2 .  

As P la to  reports in the  Theaetetus, 

this magnitude is only a special case of a 
whole class of magnitudes, that can be 
characterized as the relationship of one 
geometric mean between two extremes. 

T h i s  w h o l e  c l a s s  of magn i t u d e s ,  
however, can b e  generated b y  one type 
of physical motion, specifical ly, circular 
action. 

However ,  an ent i rely new type of  
magnitude emerges when doubling the 
cube. As Plato stated in the Timaeus, if 
God had created the world flat, it would 
only  be neces sary  to have  one mean 

between two extremes, but  God created 
the world solid, so it is always necessary 
to find two. 

As Archytas's construction demon
strates, this new type of magnitude can
not be  genera ted  by s i m p l e  c i r cu l a r  
action, but requires circular action act
ing orthogonally on circular action. This 
action on action is what generates the 
torus, cylinder, and cone of Archytas's 
famous  cons t ruc t ion .  Subsequent ly ,  
Menaechmus and Apollonius demon
strated the more general form of the 
pr inc ip l e  of  A rchytas ' s  construct ion 
through the development of conics. For 
them, as wel l  as Archimedes,  Eratos
thenes, et aI., it was this higher type of 
physical action, expressed by motion act

ing on motion, that generated the rela
tionships that are manifest in solid bod
ies such as squares and cubes. Contrary 

to Aristotle, motion doesn 't originate in 

bodies. Bodies originate in motion. 

To repeat: The magnitudes associat
ed with one geometric mean between 
two extremes are a species of magni
tudes  generated by one  pr inc ip l e  of 
mot ion ,  i . e . ,  c i r cu la r  act ion ,  and the 
magnitudes associated with two geomet
ric means are a species of magnitudes 
generated by another class of motion, 
i .e . ,  conical action. 

However, as Leibniz and Bernoulli 
indicated, the latter type of motion (con
ical), actually generates a class of classes 



of magnitudes .  Each separate c lass  i s  
characterized by the number of means 
between two extremes and is identified 
wi th  a spec i fic  type  of p o w e r .  (For  
example ,  the fourth  power  requ i re s  
three  geometric  means  between two 
extremes, the fifth power four geometric 
means, etc.) 

Such  magni tudes  Le ibn iz  c a l l e d  
"algebraic," o r  alternatively, "algebraic 
powers." Magnitudes associated with the 
higher, class of classes,  Leibniz cal led 
"transcendental ."  These transcendental 
magnitudes exist outside the domain of 
the algebraic. Nevertheless, the two are 
connected, because the higher transcen
dentals generate the lower algebraic. As 

Leibniz states, the transcendentals are the 

ones that express the relationships that arise 

within the physical universe. 

The physical significance of the first 
two classes of algebraic powers, squares 
and cubes, is evident from the problems 
of Pythagoras and Archytas. What is the 
physical significance of the motion that 
generates the entire class of algebraic 
powers ? 

That significance is found in Leib
niz's solution to the catenary problem. 
As an express ion of the pr inc ip le  of  
least-action, the catenary is the form of a 
hanging-chain that is motionless. But, as 
Leibniz demonstrates, the chain's stil l
ness reflects the motion which generates 
the higher transcendental magnitudes.  

In the case of the catenary, that motion 
is expressed as two exponential curves 
[SEE Figure 1 ] .  

The visible catenary, Leibniz shows, 
i s  the ar i thmetic mean between two 
exponential curves. But that is only half 
the story. To paraphrase Plato from the 
Timaeus, since God made the catenary 
w i t h  two e x p o n e n t i a l s ,  w h a t  is the  
nature of the  mean tha t  binds them ? 
O r ,  i n  o t h e r  w o r d s ,  w h a t  p h y s i c a l  
a c t i o n  p ro d u c e s  two  e x p o n e n t i a l s ,  
together ?  

A n  insight can b e  gained b y  looking 
at the other expressions of the exponen
tial relationship, such as the hyperbola, 
and the logarithmic spiral [SEE Figure 
2]. In all three cases, there are two dis
tinct forms, left-handed and right-hand
ed. These two forms cannot be trans
formed one into the other within the 
plane of their visible existence. 

But as the catenary demonstrates, the 
physical universe is happy only when 
both forms are united into one.  What is 
the nature of the species of motion that 
unites both left- and right-handed expo
nent i a l s ?  Tha t  mot ion  is a ro ta t ion  
orthogonal to the  v is ible  p lane  of the 
two curves [SEE Figure 3 ] .  (It is strongly 
recommended that physical models of 
this motion be built.) 

This is the action that Gauss under
stood as the physical action that gives 
rise to C! .  To see this,  look at one of 

.......... negative positive ........... 

the exponent ia l s .  I t  generates a l l  the 
a lgebra i c  power s ,  i nc rea s ing  in  one 
d i rection and decreasing in the other 
direction [SEE Figure 4 ] .  Now, look at 
the other exponential .  I t  does the same 
thing. But, in the direction in which one 
increases, the other decreases, and vice 

versa. From this standpoint the two are 
mutually exclusive. 

Yet, the catenary binds them both. If, 
as Gauss did, we designate one exponen
tial as positive and the other as negative, 
then the two are bound by th�eometric 
mean between 1 and - 1 ,  or -V-I . 

Does C! physically exist ? Just ask 
the catenary. 

Can it be seen ? 
Yes .  But ,  only by humans .  Not by 

animals or Aristoteleans. 
-Bruce Director 

I .  After Leibniz-hating ideologue Leonhard 
Euler, and his protege Lagrange, had pub
lished their fraudulent attacks on Leibniz 
on this crucial principle of Leibniz's origi
nal definition of his infinitesimal calculus, 
Gauss's  1 799 Fundamental Theorem of 

A l g e b r a  r e s p o n d e d  w i t h  a n o v e l ,  b u t  
a p p r o p r i a t e  d e fe n s e  o f t h i s  a r g u m e n t  
made originally b y  Leibniz. 

2 .  Bertrand Russell and today's proponents 
of " i nformation theory" describe them
s e l v e s  a s  being i n  t h e  t r a d i t i o n  o f the 
Eleatics. 

3.  See Bruce Director, " Riemann for Anti
D u m m i e s , "  P a r t  49, A u g .  1 6 , 2 003  
(unpublished). 

.......... positive negative ........... 

FIGURE 4. Right-handed and left-handed exponentials generate all the algebraic powers, 
but in inverse directions. They are bound together by the physically existing catenary. 
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